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We investigate the eigenvalue spectra of hydrogen Rydberg atoms in strong magnetic fields for mani-
festations of quantum stochasticity and find (j) a smooth transition from a Poisson.type to a Wigner-
type distribution of level spacings in the range of energy where classical motion becomes increasingly 
chaotic, (ij) the occurrence of mulliple avoided crossings, and (jji) connected with this. an extreme sensi-
tivity of oscillator strengths, and thus of observable spectra, with respect to small va riations of an exter-
nal parameter, viz., the magnetic field strength. 
PACS numbers: 31.60.+b, 05.45.+b, 32.70.Cs 
Studies of the behavior of quantum systems in a range 
of energy where their classical counterparts undergo 
transitions from regularity to irregularity, as manifested 
in phase space by the gradual destruction of invariant 
tori, to date have largely been restricted to model Hamil-
tonian systems. Well known exam ples are the st adium 
problem,1 the quantum Sinai's billiard,2 or harmonic os-
cillators with cubic,l quartic,4 or still higher-degree po-
lynomial corrections. S In this Letter we show that phe-
nomena which have turned out characteristic of the onset 
of "quantum stochasticity" in these model systems ca n in 
fact be recovered in the quanta I energy spectra of a real 
physical system, viz., of Rybderg atoms in uniform mag-
netic fields . This means that one has a simple prototype 
system at hand in which to study-not only in theory but 
also in experiment, quantitatively and in detail , and as a 
function of a continuously tunable external parameter 
-phenomena that are expected to be typical or the 
quantum properties of nonintegrable systems in general. 
The methods of characterization of "chaotic" quantum 
spectra which we adopt in this Letter are (j) the statisti · 
cal analysis of fluctua tions of energy eigenvalue se-
quences in the transition region between regularity and 
irregularity, (ij) the search for multiple avoided c ross-
ings of levels in this region . and (iii) the sensitivity of ei-
genvalues and transition rates to small changes in the 
perturbation, viz., the magnetic field. 
Rydberg atoms in strong microwave fields have been 
proposed6 for investigations of " quantum stochasticity," 
and experimental results for the field ionization of elec-
trically polarized hydrogen R ydberg atoms have recently 
been compared with classical calculations in the chaotic 
regime. 7 We believe that Rydberg atoms in magnetic 
fields lend themselves even more read ily to complete 
st udies of the transition from reg ularity to irregularity, 
since quantal calculations are still feasible in the corre-
sponding range or energy. By contrast, quantal calcula-
tions of the microwave ionization of Rydberg atoms are 
prohibitive because huge numbers of bound levels and 
the continuum must be included. 
After separating the trivial azimuthal dependence, the 
Hamiltonian of an electron under the combined influ -
ence of a fixed Coulomb potential and a uniform mag-
net ic field , 
OJ 
Gn atom ic units, P-B/Bo with Bo-2(am~c)2/(eh) 
C!i 4.70x IDS n, red uces to that of a nonintegrable sys-
tem with two degrees of freedom. Computat ions of the 
classical trajectories by a number of authors 8 have es-
tablished the existence of irregular orbits above a certain 
energy which depends on the value of the z component of 
the angular momentum and the st rength of the magnetic 
field . with regard to experiments currently performed 
with magnetized hydrogen and deuterium R ydberg 
atoms by the Bielefeld group9 we chose their magnetic 
field strength, B -6 T, and L. -0. To find the range of 
energy where, in the corresponding classical situation, 
the transition from quasiperiodicity to chaos occurs, 10 we 
first computed classical trajectories and determined the 
areal fra ction of regular orbits in the Poincare surfaces 
of section at z -0. For B -6 T, L~ -0 we find the tran-
sition to occur for energies between - -100 and -25 
cm -I below the field-free ionization threshold [cf. Fig, 
I(a)]. 
By the nonintegrable nature of the Hamiltonian (J), 
the Schrooinger eq uation belonging to it can only be 
solved by numerical means. The numerical approach we 
take has been described elsewhere. II In the present cal· 
culations basis sizes of up to 6400 were handled for 
determining both eigenvalues and eigenvectors. Accura-
cies of at least six significant figures were obtained for 
energy values, and of three significa nt figures for oscilla-
tor strengths. Resu lts for oscillator strengths of om -0 
transitions from 2po to even parity Rydberg states in the 
m -0 subspace as a function of the energy of the fina l 
states are shown in Fig. 1 (b) in comparison with the cor-
responding fraction of regular orbits in the Poincare sur-
face of section al Z -0. Figure 1 (b) conveys a qualita-
tive impression of the increasing complexity of the quan-
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FIG, l. The fraction of the Poincare surface of section of 
classical motion at z -0 which is fi lled by regular orbits as a 
fu nction of orbital energy (a) compared with the oscillator 
strengths of tlm - 0 transitions from 2po to hydrogen Rydberg 
states as a function of the quantal energy of the Rydberg stales 
(b). The breakdown of regularity in classical motion is renect-
ed in an increasing complexity of the quantal spectrum. 
tal spectrum as one penetrates into ranges of energy 
where classical motion becomes more and more chaotic. 
To put this observation on a more quantitative fooling 
we undertook a statistical analysis of the level nuctua-
tions of the sequence shown in Fig. 1 (b) . Following the 
procedure described by Bohigas. Giannono, a nd 
Schmit 12 we first determined the fu nction fii (E ), which 
gives the average number of levels up to energy E. and 
replaced every eigenvalue Ei by t;i - fii(E/) to obtain a 
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FIG. 2. Nearest-neighbor energy·spacing histograms (left> 
and results fo r the average value of the X,(L) statistics (right) 
for hydrogen Rydberg levels (m -0, even parity) in a 6·T field 
in three successive energy intervals. The smooth curves in the 
histograms are the results of least-squares fits by the Berry. 
Robnik distribution (2). For the physical conditions chosen 
the numbers of levels falling into the individual energy inter· 
vals are 47, 71, and 116. respectively. The change from a 
Poisson-type to a Wigner-type distribution of the level spac· 
ings, and the transition from the Poisson case to the random· 
matrix theory predictions (GOE) in Ihe X, statistics is evident. 
level sequence with constant average spacing. D. between adjacent levels. For this sequence nearest-neighbor spacing 
dist ribut ions were calculated. Figure 2 shows histograms of the distributions obtained in three successive energy inter-
vals, along with the corresponding results of the Dyson-Mehta 63 statistics. The smooth cu rves in the histograms 
represent least-squares fits by the fami ly of functions 
which Berry a nd Robnik 13 have shown to yield quite 
generally the correct description of the level spacing dis-
tributions in the semiclassical limit for any system with 
two degrees of freedom when one chaotic region predom-
inates. These functions interpolate between a Poisson 
distribution (regular case, q - I ) and a Wigner distribu-
tion (chaotic case. q - 0). In the problem under con · 
sideration the turnover from a Poisson-type to a Wig-
ner·type distribution as one proceeds to energies where 
classical motion becomes increasingly irregular, is obvi-
ous from the curves shown in Fig. 2. In an analogous 
manner the 63 statistics display a transition from the 
Poisson case to that characteristic of the predictions of 
random·matrix theory (Gaussian orthogonal ensemble, 
GOE). The universality of the characterization o f the 
onset of quantum stochasticity by these level nuctuation 
laws is thus reinforced also in magnetic Rydberg atoms. 
We note that our finding is confirmed by very recent. 
independent work of Wintgen and Friedrich. I. and De· 
lande a nd Gay IS for the same system. These authors, 
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FIG. J. Energy levels of hydrogen Rydberg states with 
m -0 aRd even parity as funcliolls of the magnetic field 
strength in a narrow sn ip around 6 T. NOle Ihe occurrence of 
rapid successions of (a) avoided crossings and of (b) triple 
avoided crossings. The Rumbers attached 10 the levels indicate 
the stale of excitation of the levels in the 0 + subspace. 
VOLUME 57, NUMBER 26 PHYSI CAL R E VIEW LETTERS 29 DECEMBER [986 
5'" 
B(T) 
6.00 
10-' Nr--.-----2 ." f, 
, 
I 
,_._r Il __ -,. ,'-""-,;":;j' 
_~/ \ J~4 
I I ... --, , 
I \ / l..-.----.-t-- -.,L......-
, , 
, , 
, , 
, , 
, , 
, , 
, , 
, , 
, , 
, , 
, , 
: , 10-' +c::-~--'--L=.-Jl!---c! 
1.265 1.275 1.285 
f3 (10-') 
F[G. 4. Oscillator strengths of Am -0 Balmer transitions to 
the levels participating in the triple avoided crossing of Fig 
3(b) (numbers 3D, 354, 355) as a function of fie ld st rength in 
a narrow strip around 6 T. The transition strength to level 352, 
which goes through an avoided crossing with level 353, is 
shown for completeness. Note the extreme nuctuations of the 
line strengths at slight va riations of the field. 
however, restrict themselves to the limiting cases of com-
plete regularity, or irregularity, while we st udy the be-
havior of the system in the transition from the one limit 
to the ot her. 
A statistical a nalysis of experimental data for the po-
sitions of Rydberg levels in a strong magnetic field is 
hampered, apart from possible resolution problems, by 
the fact that transition strengths to levels may become 
ve ry smail , and consequen tly the missing of these levels 
in the spectral sequence ca n considerably cou nterfeit the 
level-spacing distribution. Manifestations of quantum 
stochasticity which lend themselves more unambiguously 
to direct experimen tal verification are revealed whe n we 
ask about the dependence of positions and intensities of 
spectral lines belonging to transitions to Rydberg s tates 
on the field strength. We have computed, in the transi-
tion regime from regularity to irregularity, the energies 
and wave fun ct ions of m -0, even-parity states as func-
t ions of the field in the interva l 5.95 T :s; B :s; 6.05 T. 
Examples for the behavior of the energy levels are shown 
in Fig. 3 in two ranges of ene rgy. Noteworthy is the oc-
cu rrence of rapid successions of avoided crossings [Fig. 
3(a)], and even of a tr iple avoided crossing [Fig. 3(b)) . 
These have been predicted as typical sym ptoms of q ua n-
t um slochastici ty.16 The ex treme sensit ivity of the actu-
ally observable spectra on the field strength is demon-
st rated by Fig. 4, where we have plotted the oscillator 
strengths of l!.m -0 Balmer transitions to the levels par-
t icipating in the triple avoided crossing of Fig. 3(b) as a 
funct ion of the magnetic field . This example illustrates 
that small variations of the field can cause ext reme fluc-
tuations of the line strengths and, thus, lead to drastic 
changes in the outward appea rance of the observed spec-
t ra. To ou r knowledge, this is the fi rst t ime that these 
manifestations of quantum stochasticity are- theoret-
ically-discovered in th is "real" quantum system. The 
ranges of energy and field are easily accessible in the 
laboratory, and thus the experimental verificat ion of 
these symptoms of "qua ntum chaos" in bound-bound 
transitions of hyd rogen Rybderg atoms in strong mag-
netic fields is strongly encouraged by our inVestigation. 
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